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Abstract

Heat and mass transfer mechanisms in a cross-flow parallel plate membrane-based enthalpy exchanger for heat and moisture recovery
from exhaust air streams are investigated. The flow is assumed laminar and hydrodynamically fully developed, but developing in thermal
and concentration boundaries. Contrary to the traditional methods to assume a uniform temperature (concentration) or a uniform heat
flux (mass flux) boundary condition, in this study, the real boundary conditions on the exchanger surfaces are obtained by the numerical
solution of the coupled equations that govern the transfer of momentum, thermal energy, and moisture in the two cross-flow air streams
and through the membrane. The naturally formed heat and mass boundary conditions are then used to calculate the local and mean
Nusselt and Sherwood numbers along the cross-flow passages, in the developing region and thereafter. A comparison was made with
those results under uniform temperature (concentration) and uniform heat flux (mass flux) boundary conditions, for rectangular ducts
of various aspect ratios. An experiment is done to verify the prediction of outlet moisture content.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Conditioning ventilation air typically constitutes 20–
40% of the thermal load for commercial buildings and
can be even higher in buildings that require 100% outdoor
air to meet ventilation standards [1]. Energy recovery
devices could save a large fraction of the thermal load since
heat and humidity would be recovered from the exhaust
stream in winter and excess heat and moisture would be
transferred to the exhaust in order to cool and dehumidify
the incoming air (fresh) in the summer. Besides, with
energy recovery devices, the efficiency of the existing
HVAC systems can be improved because otherwise fresh
air needs to be dehumidified by cooling coil through con-
densation followed by a re-heating process, which is very
energy intensive.
0017-9310/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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The most common techniques [2–5] for energy recovery
can be classified into two categories: sensible heat exchang-
ers and energy wheels. Sensible exchangers, such as fixed
plates, sensible heat exchange wheels, heat pipes, and coil
run-around loop heat exchangers, can only recover sensible
heat with no moisture recovery. Energy wheels, which
recover both heat and moisture, have a higher effectiveness,
thus are more attractive. However, energy wheels are very
expensive and they have moving parts that may be prob-
lematic for maintenance. The carry-over is also a big
problem.

In recent years, another technique that involves mem-
brane technology has been investigated for possible energy
recovery from exhaust air streams [6,7]. It is called the
enthalpy exchanger with hydrophilic membrane cores.
The device is just like an air-to-air sensible heat exchanger.
But in place of traditional metal heat exchange plates,
novel hydrophilic membranes, which can exchange both
heat and moisture simultaneously, are used as the heat
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Nomenclature

a half duct height (m)
Ac cross-section area (m2)
AC acetate cellulose
b half duct width (m)
C shape factor for the isotherm
cp specific heat (kJ kg�1 K�1)
D diffusivity (m2/s)
Dh hydrodynamic diameter (m)
f friction factor
h convective heat transfer coefficient

(kW m�2 K�1)
k convective mass transfer coefficient (m/s)
Le Lewis number
_mv local emission rate (kg m�2 s�1)
Nu Nusselt number
P pressure (Pa)
Pd perimeter (m)
Re Reynolds number
Pr Prandtl number
RH air relative humidity
Sc Schmidt number
Sh Sherwood number
T temperature (K)
u velocity (m/s)
W water uptake (kg/kg)
Wmax maximum water uptake of membrane material

(kg/kg)
x,y,z coordinates (m)

Greek symbols

d membrane thickness (m)
l dynamic viscosity (Pa s)
q density of dry air (kg/m3)
n dimensionless humidity
h dimensionless temperature
x humidity ratio (kg moisture/kg air)
k thermal conductivity (kW m�1 K�1)

Superscripts
* dimensionless
0 exhaust air duct

Subscripts

1 fresh air side
2 exhaust air side
a air
b bulk
G geometric
h heat
i inlet
L local
m mass, mean, membrane
o outlet
s surface
v vapor
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mass transfer media. Results found that compared to an
energy wheel, it has the same even higher enthalpy effec-
tiveness. Furthermore, the problem of carry-over could
be prevented.

The enthalpy exchanger is usually constructed in a
cross-flow arrangement, for convenience in air ducts seal-
ing and separation of two air streams. Performance estima-
tion has been a hot topic in this research. Zhang and Jiang
[7], Zhang and Niu [8] have evaluated the system perfor-
mance of the unit by heat and moisture transfer analysis.
A correlation has been provided for effectiveness calcula-
tion, from Number of Transfer Units for heat transfer
and moisture transfer [8]. According to the methodology,
mean heat mass transfer coefficients between the air stream
and the membrane surface are to be evaluated, with which
and in combination with the resistance analysis through the
membrane, sensible and moisture exchange effectiveness is
calculated. Though simple, uncertainties may be high. In
fact, the well-established Nusselt correlations, that were
used for heat mass transfer coefficients estimation, were
actually obtained either under uniform temperature or
under uniform heat flux boundary conditions [9]. The real
boundary conditions, however may deviate largely from
such assumptions, especially for the current cross-flow
exchanger that has strong heat mass transfer couplings
between air streams and membrane materials.

A literature review found that similar problems also
exist in heat and mass transfer analysis in other mem-
brane-related technologies, such as gas–liquid contactor
[10], pervaporation [11], distillation [12], extraction [13],
etc. In fact, large deviations have been observed between
the traditional heat transfer correlations and the experi-
mental data on membrane surfaces [14]. Nevertheless, con-
siderations of the effects of the real boundary conditions on
the transport parameters are still scarce. To address this
problem, in this study, the transport characteristics under
real boundary conditions will be considered. This is a nat-
urally formed boundary condition resulted from the inter-
actions between the two flows, and the membrane.

2. The mathematical model

2.1. Governing equations

A schematic of the cross-flow enthalpy exchanger is
shown in Fig. 1. The fresh air and the exhaust air flow
through the passages in a cross-flow arrangement. Geome-
tries of ducts: height 2a, width 2b, membrane thickness d.
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Fig. 1. Schematic of a cross-flow enthalpy exchanger with membrane
cores.
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Fig. 2. The coordinate system of the unit showing one membrane and two
neighboring flow passages.
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The unit cell for model set-up is shown in Fig. 2. As plotted
in the figure, the fresh air, which is usually hot and humid,
flows along z-axis; while the exhaust air, which is usually
cool and dry, flows inversely along the x-axis. Even though
the coordinate system, inlet and boundaries conditions are
different, the equations governing the transport phenom-
ena are in the same form for the two passages. In the fol-
lowing, governing equations will be set-up for the fresh
air. Then the different aspects for the exhaust flow will be
pointed out. Both streams are flows in ducts of rectangular
cross-sections. Flows in ducts have been investigated exten-
sively by many researches, whether regular [15–18] or irreg-
ular cross-sections [19–24], but as mentioned before,
influences of real boundary conditions were seldom consid-
ered. The issue will be investigated in this research.

In most applications, the Reynolds numbers are far
below 2000, therefore it can be assumed laminar flow. It
is considered to be hydrodynamically fully developed, but
thermally developing. The fluid is Newtonian with constant
thermal properties. Additional assumptions are: (1)
adsorption of water vapor and membrane material is in
equilibrium adsorption-state; (2) both the heat conductiv-
ity and the water diffusivity in the membrane are constants;
(3) the heat of sorption is assumed constant and equal to
the heat of vaporization.

2.1.1. Momentum conservation

For fully developed laminar flow in ducts, the Navier–
Stokes equations reduce to [15,25]
l
o2u
ox2
þ o2u

oy2

� �
¼ dP

dz
ð1Þ

where l is dynamic viscosity (Pa s), u is fluid velocity (m/s),
P is the pressure (Pa), z is the axial coordinate (m).

2.1.2. Energy conservation

qcpu
oT
oz
¼ k

o
2T

ox2
þ o

2T
oy2

� �
ð2Þ

where T is fluid temperature (K), k is thermal conductivity
(kW m�1 K�1), (qcp) is heat capacity of moist air. It is
calculated by the following equation as

qcp ¼ qaðcpa þ xcpvÞ ð3Þ

where qa is density of dry air (kg m�3), cpa and cpv are
specific heats of dry air and water vapor, respectively
(kJ kg�1 K�1), x is humidity ratio (kg vapor/kg dry air).
2.1.3. Mass conservation

u
ox
oz
¼ Dva

o2x
ox2
þ o2x

oy2

� �
ð4Þ

where Dva is vapor diffusivity in dry air (m2 s�1).

2.2. Normalization of equations

The above three governing equations (1), (2) and (4) can
be normalized as

o2u�

ox�2
þ b

a

� �2
o2u�

oy�2
þ 4b2

D2
h

¼ 0 ð5Þ

U
oh
oz�h
¼ o

2h
ox�2
þ b

a

� �2
o

2h
oy�2

ð6Þ

U
on
oz�m
¼ o2n

ox�2
þ b

a

� �2
o2n
oy�2

ð7Þ

where the dimensionless velocity is

u� ¼ � lu

ðdP=dzÞD2
h

ð8Þ

and the dimensionless temperature is

h ¼ T � T ci

T hi � T ci

ð9Þ

where Thi is the inlet temperature of the fresh air (hot and
humid), and Tci is the inlet temperature of the exhaust air
(cool and dry).

Dimensionless humidity is

n ¼ x� xci

xhi � xci

ð10Þ

where xhi is the inlet humidity of the fresh air, and xci is
the inlet humidity of the exhaust air.
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Dimensionless coordinates

x� ¼ x
2b

ð11Þ

y� ¼ y
2a

ð12Þ

z�h ¼
z

DhRePr
ð13Þ

z�m ¼
z

DhReSc
ð14Þ

where hydraulic diameter

Dh ¼
4Ac

P d

ð15Þ

where Ac is the cross-section area of the duct (m2), Pd is the
perimeter of the duct (m). Pr is Prandtl number, and Sc is
Schmidt number. The dimensionless axis z* has a different
definition for heat transfer and mass transfer.

In Eqs. (6) and (7), velocity coefficient U is defined by

U ¼ u�

u�m

4b2

D2
h

ð16Þ

where u�m is the average dimensionless velocity on a cross-
section, and it is calculated by

u�m ¼
R R

u� dA
Ac

ð17Þ

The characteristics of fluid flow in the duct can be repre-
sented by the product of the friction factor and the Rey-
nolds number as

ðfReÞ ¼ �
Dh

dP
dz

1
2
qu2

m

 !
qumDh

l

� �
¼ 2

u�m
ð18Þ

Dimensionless bulk temperature

hbðz�hÞ ¼
R R

u�hdAR R
u� dA

ð19Þ

Dimensionless bulk humidity

nbðz�mÞ ¼
R R

u�ndAR R
u� dA

ð20Þ

Nusselt number

Nu ¼ hDh

k
ð21Þ

Sherwood number

Sh ¼ kDh

Dva

ð22Þ

where h and k are convective heat transfer coefficient
(kW m�2 K�1) and convective mass transfer coefficient
(m/s) between fluid and wall, respectively. The local Nus-
selt and Sherwood numbers may change from point to
point on a duct surface. It is more practical to evaluate
the peripherally mean local Nusselt and Sherwood num-
bers along the duct.
Considering the energy balance in a control volume of
length Dz, heat transferred through convection

_Q1 ¼ hLP dDzðT W � T bÞ ð23Þ
where hL is the peripherally mean heat transfer coefficient,
subscripts ‘‘w” and ‘‘b” refer to ‘‘wall” and ‘‘bulk”, respec-
tively. Enthalpy change of the fluid in the control volume

_Q2 ¼ qumAccpDT b ð24Þ
Since

_Q1 ¼ _Q2 ð25Þ
and

Dz ¼ Dz�hDhRePr ¼ Dz�h
qcpumD2

h

k
ð26Þ

the peripherally mean local heat transfer coefficient
becomes

hL ¼ �
1

4ðhw � hbÞ
k

Dh

Dhb

Dz�h
ð27Þ

Substituting above equation to Eq. (21), and considering
the control volume to be infinitely small, then we obtain
the peripherally local Nusselt number as

NuL ¼ �
1

4ðhw � hbÞ
dhb

dz�h
ð28Þ

Average Nusselt number from 0 to z�h

Num ¼
1

z�h

Z z�
h

0

NuL dz�h ð29Þ

Correspondingly, a mass balance on the control volume
will have the following equations

kL ¼ �
1

4ðnw � nbÞ
Dva

Dh

Dnb

Dz�m
ð30Þ

ShL ¼ �
1

4ðnw � nbÞ
dnb

dz�m
ð31Þ

Shm ¼
1

z�m

Z z�m

0

ShL dz�m ð32Þ

As will be discussed later, the local Nusselt number and the
local Sherwood number decrease asymptotically from very
high values near the entrance of a tube to certain fully
developed values at the end of thermal entry length. Under
uniform temperature (uniform mass concentration) bound-
ary condition, the fully developed value is denoted as NuT

(ShT for mass). Under uniform heat flux (mass flux) bound-
ary condition, it is denoted as NuH (ShH). In this study, un-
der the real convective flow boundary conditions, the fully
developed value is denoted as NuC (ShC for mass transfer).

2.3. Boundary conditions

The governing equations for the exhaust air stream are
in the same form with the fresh air, however the coordinate
systems are different. The membrane plate is a square one.
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If we use x0, y0, z0 to replace the coordinates x, y, z, in Eqs.
(1)–(4), respectively, then we get the equations for the
exhaust stream. The relations of the two coordinates sys-
tems are

x0 ¼ z

y 0 ¼ y

z0 ¼ 2b� x

8><
>: ð33Þ

Inlet conditions for fresh air

z�h ¼ 0; h ¼ 1 ð34Þ
z�m ¼ 0; n ¼ 1 ð35Þ

Inlet conditions for exhaust air

z�h ¼ 0; h ¼ 0 ð36Þ
z�m ¼ 0; n ¼ 0 ð37Þ

Boundary conditions of two air streams for velocity

u� ¼ 0; on all walls of the duct ð38Þ
Temperature and humidity on wall surfaces are neither
constant values nor constant fluxes. The flow is assumed
to be hydrodynamically developed and thermodynamically
and concentrationally developing. This means that the
cross-sectional velocity field does not change with tube
length, while the temperature and humidity fields vary with
tube length. An analytical analysis of the boundary condi-
tions on wall surfaces is difficult, if not impossible, due to
the complexity in flow arrangement and interactions of
temperature and humidity between the air streams and
membrane materials. However, the boundary conditions
on tube wall surfaces could be obtained numerically.

Adiabatic boundary conditions for fresh air

x� ¼ 0 or x� ¼ 1;
oh
ox�
¼ on

ox�
¼ 0 ð39Þ

and for exhaust air

x0� ¼ 0 or x0� ¼ 1;
oh
ox0�
¼ on

ox0�
¼ 0 ð40Þ

Temperature boundary conditions on membrane surfaces,
for fresh air

y� ¼ 0 or y� ¼ 1; hðx�; z�GÞ ¼ hm1 ð41Þ
For exhaust air

y0� ¼ 0 or y0� ¼ 1; hðx0�; z0G� Þ ¼ hm2 ð42Þ
where term hðx�; zG� Þ refers to air temperature adjacent to
membrane surface at point (x*, z�G), subscript ‘‘m” refers
to membrane, and ‘‘1” and ‘‘2” refer to fresh side and ex-
haust side at the same point of membrane, respectively.
Variable z�G is the dimensionless geometric position

z�G ¼
z

2b
ð43Þ

Due to the small thickness in membrane (100 lm, thermal
conductivity 0.127 W m�1 K�1), temperature differences
between the two sides of a membrane are rather small.
Heat released on the adsorption side of the membrane
(fresh air side) could be balanced by the heat absorbed
on the desorption side (exhaust side) of the membrane
[26]. In fact, previous investigations disclosed that the tem-
perature differences are in the order of 10�4 �C [27], mean-
ing that Eqs. (41) and (42) can be expressed by a single
equation by

hm1 ¼ hm2 ¼ hm ð44Þ
The value of hm is not a fixed value. Rather, it is a result of
local couplings between the two streams on membrane
surface.

Mass boundary conditions on membrane surfaces, for
fresh air

y� ¼ 0 or y� ¼ 1; qðx�; zG� Þ ¼ _mv ð45Þ
For exhaust air

y0� ¼ 0 or y0� ¼ 1; qðx0�; z0G� Þ ¼ _mv ð46Þ
where _mv (kg m�2 s�1) is the moisture emission rate
through membrane at point (x*, z�G), and it is determined
by diffusion equation in membrane as

_mv ¼ qmDvm

W m1 � W m2

d
ð47Þ

where qm and Dvm are density of membrane and moisture
diffusivity in membrane, respectively. Variable W is water
uptake in membrane (kg moisture/kg dry membrane),
and it is expressed by a general sorption equation as

W ¼ W max

1� C þ C=RH
ð48Þ

where Wmax is the maximum water uptake of membrane
material (kg/kg); C is a constant named the shape factor
for the material; RH is air relative humidity. This sorption
curve directly links water content to RH, a variable can be
directly measured. The basic thermal physical parameters
are obtained in the laboratory.

The relative humidity is calculated by humidity ratio
and temperature as [28]

RH

x
¼ e5294=T

106
� 1:61RH ð49Þ

where T is in K. The second term on the right side of the
equation will generally have less than a 5% effect, and it
can be usually neglected.

Moisture emission on membrane surface on fresh air or
exhaust air side is calculated by

q ¼ �qaDva

ox
oy

����
y¼0;2a

ð50Þ

Similarly, emission rate q is not a constant value either.
However, the values are attainable from couplings of
Eqs. (41)–(46), plus governing equations (5)–(7).

2.4. Solution procedure

The partial differential equations for momentum,
energy, and mass transport, Eqs. (5)–(7), are discretized



Table 1
Properties of the membrane used

Properties Unit Values

qm kg/m3 836
Dvm m2/s 3.2 � 10�11

d lm 100
Wmax kg/kg 0.27
C 0.81
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Fig. 3. Contours of dimensionless velocity (u*) in the duct.
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by means of a finite volume method. Since three compo-
nents: two air streams and the membrane, are closely inter-
acted, and temperature and humidity are also related to
each other, iterative techniques are needed to solve these
equations. A description of the iterative procedure is as
following:

(a) Solve momentum equation Eq. (5) under the two
coordinates systems and the two sets of inlet, and
boundary conditions for the fresh air and the exhaust
air stream. Get the velocity fields and resistance data
for the two ducts.

(b) Assume initial temperature and humidity fields in the
two streams. Get the membrane temperature.

(c) Solve energy equation Eq. (6) for the two streams,
taking the current membrane temperatures as the
boundary condition Eqs. (41) and (42), get the tem-
perature fields in the two ducts.

(d) Calculate the new membrane surface temperature, by
averaging the two ducts temperature at interfaces.

(e) Give the new membrane temperatures as the default
values, and return to step (c), re-calculate the temper-
ature fields of two air streams, until the old values
and the newly calculated values for all temperatures
are converged.

(f) Assume an initial emission rate through membrane.
(g) Based on the obtained temperature fields and bound-

ary conditions of Eqs. (41) and (42), solve mass equa-
tion (7) under the two coordinate systems and the two
sets of inlet conditions for the two air streams. Get
the humidity fields in two ducts.

(h) Calculate the new emission rates through membrane,
by equating Eqs. (47)–(50), from the newly calculated
humidity fields in air streams.

(i) Give the new emission rates as the default values for
emission rates, and return to step (g), until the old
and new values of emission rates are converged.

(j) Check if all the new temperature, humidity, emission
rates values are converged with old ones on all the
calculating nodes. If not, return to step (c).

As seen, the whole procedure includes two loops: the
temperature calculation loop from (b) to (e), and the
humidity calculation loop from (f) to (i). The two loops
form a bigger loop from (b) to (j), through which both
humidity and temperature for all three components are cal-
culated in a coupled way. The solution of velocity is only
executed once before this big loop. A uniform initial guess
is taken. The solution is insensitive to initial guesses. The
solution of the discretized equations is by ADI iterations.

After these procedures, all the governing equations are
satisfied simultaneously. The temperature and humidity
profiles on membrane surfaces are the formed boundary
conditions.

To assure the accuracy of the results presented, numer-
ical tests were performed for the duct to determine the
effects of the grid size. It indicates that 42 � 42 grids on
cross-section and Dz* = 0.00025 axially are adequate (less
than 0.1% difference compared with 52 � 52 grids and
Dz* = 0.000125).

2.5. Membrane properties

As pointed out before, membrane materials have an
impact on the coupled heat mass transfer phenomena.
The influences mainly come from its resistance on moisture
transfer. Both temperature and humidity will affect the
water uptake in membrane. Membranes that are permeable
to water vapor, but not to air, is the criteria for selection.
In this study, a dense AC (acetate cellulose) membrane
with which we have much experience from previous studies
is selected. The tested thermodynamic properties are listed
in Table 1. The nominal inlet conditions: fresh air 35 �C
and 0.025 kg/kg; exhaust air 25 �C and 0.010 kg/kg.

3. Results and discussion

3.1. Velocity and friction factor

The flow profiles in the two passages are identical. The
velocity contours on duct cross-section is plotted in
Fig. 3 for an aspect ratio of b/a = 4.0. The boundaries have
influences on the shapes of contours. In the duct center, the
contours are elliptical in shape, but in place near wall, the
contours are more like rectangles. In the four corners, there
are dead spaces where velocity is near zero. This will cause
heat and mass transfer to deteriorate.

For hydrodynamically fully developed laminar flow in
ducts, (fRe) is a constant. The calculated values of (fRe)
for various aspect ratios are listed in Table 2. A compari-



Table 2
Fully developed (fRe) and Nusselt, Sherwood numbers for various aspect
ratios

b/a NuH NuT NuC ShC (fRe) (fRe)

Sources Ref.
[9,15]

Ref.
[9,15]

(This
study)

(This
study)

Ref.
[9,15]

(This
study)

1.0 3.61 2.98 1.88 1.89 57.0 56.58
1.43 3.73 3.08 2.49 2.52 59.0 58.09
2.0 4.12 3.39 3.06 3.10 62.0 61.83
3.0 4.79 3.96 4.06 4.00 69.0 68.09
4.0 5.33 4.44 4.64 4.52 73.0 72.45
8.0 6.49 5.60 6.06 6.03 82.0 81.66
50.0 7.78 7.81 92.39
100.0 8.07 8.05 93.92
1 8.23 7.54 96.0
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Fig. 5. Dimensionless temperature profiles in y–z plane at x* = 0.5 for
fresh air.

L.-Z. Zhang / International Journal of Heat and Mass Transfer 50 (2007) 151–162 157
son is also made with the values form well-known Refs.
[9,15,25]. As seen, the current study predicts the flow well.
The maximum deviation is less than 1.5%. The flow resis-
tance is independent of the naturally formed boundary
conditions. They are in accordance with the published
data.

In the following, the calculations will be conducted for a
parallel plate with an aspect ratio of 50. Reynolds numbers
change from 50 to 500, since they are typical for our test.

3.2. Temperature and Nusselt numbers

The bulk temperature of the two air streams along the
flow direction is plotted in Fig. 4. Peripherally mean tem-
perature of duct walls (membrane) is also shown in the fig-
ure. ‘‘Temperature membrane mean 1” is averaged
perpendicularly to z-axis, while ‘‘temperature membrane
mean 2” is averaged perpendicularly to �x axis. As seen,
the fresh air temperature decreases while the flow propa-
gating. The exhaust air temperature rises when moving for-
ward. The membrane temperature changes with the stream
passing by: it decreases with fresh air temperature, and it
Fig. 4. Bulk temperature of two fluids and the mean temperature of the membr
membrane mean 2: peripheral mean for exhaust air.
rises with increasing exhaust air temperature. Since heat
is transferred from the fresh to the exhaust, ‘‘membrane
2” temperature is higher than the exhaust stream.

The dimensionless temperature profiles in y–z plane at
x* = 0.5 are plotted in Fig. 5 for fresh air. Axis z represents
the flow direction for the two flows. As seen, the profiles
are symmetric, similar to flows in traditional ducts.

The peripherally local and mean Nusselt numbers along
the flow direction for any one of the two streams are drawn
in Fig. 6. Due to the increasing thickness in thermal bound-
ary layers, the local Nusselt number will decrease and
approach asymptotically to a lower limiting value with
the marching of flow. After that period, the flow is called
the thermally developed region. This lower limiting value
of Nusselt number is denoted as NuC, in comparison with
NuT under uniform temperature boundary condition and
NuH under uniform heat flux boundary condition, from
other famous works [15,25]. After z�h ¼ 0:15, the flow can
ane along flow direction. Membrane mean 1: peripheral mean for fresh air;



Fig. 6. Local and mean Nusselt numbers along flow direction, b/a = 50.
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cross-flow exchanger, the arrow in the figure showing direction of
contours value decreasing.
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be considered as thermally fully developed. At this point,
z = 2 cm. Therefore the duct is long enough (5 cm) for flow
to get fully developed.

The detailed values of NuC for various aspect ratios are
listed in Table 2. For comparison, the values of NuT and
NuH are also listed. A comparison between NuC, NuT and
NuH are plotted in Fig. 7. As seen from this figure, NuH

is usually 20% larger than NuT. NuC is generally less than
NuH. It is higher than NuT at larger aspect ratios, but
37% less than NuT at smaller aspect ratios. For parallel
plates that have large aspect ratios, in engineering applica-
tions, NuC can be approximated by NuT. It can also be
found that at low aspect ratios, NuH and NuT reach a
steady value where as NuC continue to decrease with
decrease in aspect ratios, the reason is that for this exchan-
ger, the heat and mass transfer is coupled. Under low
aspect ratios, the coupling effect will make the transfer
deteriorate.
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Fig. 7. Fully developed Nusselt numbers for cross-flow ducts, and in
comparison with those under uniform temperature and uniform heat flux
boundary conditions.
Now it’s interesting to study the temperature profiles on
membrane surface. They are the real boundary conditions
for temperature. The dimensionless temperature contours
are shown in Fig. 8 and the contours of heat flux (W/m2)
through the membrane are shown in Fig. 9. It is clear that
the boundary condition is neither uniform temperature nor
uniform heat flux surfaces. Both the temperature and the
heat flux exhibit a non-uniform two-dimensional behavior.
The directions for temperature and heat flux decreasing are
parallel to the diagonal line of the square.
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3.3. Humidity and Sherwood numbers

Transport of humidity in two ducts is similar to temper-
ature. Distinct differences lie in the fact that the humidity
profiles on the two surfaces of membrane are different,
indicating that mass resistance through membrane is sub-
stantial. The calculated dimensionless humidity on mem-
brane surface is shown in Fig. 10 on fresh air side and in
Fig. 11 on exhaust air side, respectively. They also show
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Fig. 10. Contours of dimensionless surface humidity on fresh air side in
the cross-flow exchanger, the arrow in the figure showing direction of
contours value decreasing.
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contours value decreasing.
a two-dimensional distributed nature. The contour lines
are parallel to the diagonal line. The surface values are
non-uniform concentration boundaries. Even on the same
surface, the concentration values change largely: the high-
est concentrations are 5.7 times and 8.7 times higher than
the least concentrations on fresh air side and exhaust air
side, respectively.

The moisture emission rates (mass fluxes) through the
membrane are shown in Fig. 12. Under current situation,
mass fluxes range from 1.7 � 10�4 to 5.0 � 10�5 kg m�2 s�1.
The maximum differences in values are 3.4 times. The
contour values decrease along the diagonal line like a ripple
in a pool, whose center is at the point where the two flows
intersect and enter the exchanger.

From above discussions, it indicates that the humidity
boundaries are neither uniform concentration nor uniform
mass flux boundary conditions. Fig. 13 shows the bulk
humidity along the dimensionless axis and the peripherally
mean membrane humidity profiles. Dimensionless humid-
ity profiles in the air stream in y–z plane at x* = 0.5 for
the fresh air is plotted in Fig. 14

Fig. 15 shows the local and mean Sherwood numbers
along the flow for any one of the two streams. The varia-
tions of the bulk flow and the Sherwood numbers are sim-
ilar to bulk temperature and Nusselt numbers. In the
concentration developing region, the local Sherwood num-
bers decrease sharply, from a high value to a lower limiting
value denoted as ShC. The flow is called concentrationally
developed after that period. The calculated ShC for various
aspect ratios are also listed in Table 2. It is found that
ShC � NuC for most aspect ratios. The developing length
is satisfied by z�m � z�h.
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Fig. 13. Bulk humidity of two fluids and the mean surface humidity of the membrane along flow direction. Membrane mean 1: peripheral mean along
fresh air; membrane mean 2: peripheral mean along exhaust air.
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Fig. 15. Local and mean Sherwood numbers along flow direction,
b/a = 50.
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3.4. Experimental work

An experimental set-up has been built to study the heat
and mass transport in a membrane-based cross-flow
exchanger. The whole set-up is shown in Fig. 16. Ambient
air is humidified and is driven to a heating/cooling coil in a
hot/cool water bath. The cooling coil can also act as dehu-
midifier when required. After the temperature and humid-
ity reach the set points, it is then drawn through the
exchanger for heat and moisture exchange. Another flow
is driven directly from ambient to the exchanger. An AC
membrane is sandwiched by two stainless steel shell, which
forms an air passage on both sides of membrane, like a
one-plate plate-and-shell heat exchanger. The passage
dimensions are 2b = 10 cm, 2a = 2 mm. During the exper-
iment, air flow rate is changed, to have different Reynolds
numbers. Humidity, temperature, and volumetric flow
rates are monitored at the inlet and outlet of the exchanger.
Equal air flow rates are kept for the two streams. The
uncertainties are: temperature ±0.1 �C; humidity ±1%;
volumetric flow rate ±0.5%.

During the experiment, energy balance and mass bal-
ance are checked. Energy balance found that even though
active insulation measures have been taken, there is still
more than 20% of inputted thermal energy that is dissi-
pated to the surroundings through the stainless steel shell.
So currently, we did not use the measured temperature for
results analysis. However, mass balance is satisfied, and the
difference of moisture content between the input and the
output is within 2% limit. The relations between heat and
mass transfer can be expressed by the Chilton–Colburn
analogy [28], namely

Sh ¼ Nu � Le�1=3 ð51Þ

Le ¼ Pr
Sc

ð52Þ
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where Le is commonly called the Lewis number. From this
analogy, Sh can be estimated from Nu, and vice versa.

The measured outlet dimensionless bulk humidity for
fresh air is shown in Fig. 17 for various air flow rates.
The calculated values from the above model are also plot-
ted in the figure. Generally the two sets of data fit well. The
maximum deviation is below 7.8%. The boundary condi-
tion at y* = y0* = 1 has been revised to have zero flux, to
reflect the one-plate nature in the model.

4. Conclusions

For a cross-flow heat mass exchanger that has mem-
brane cores, the boundary conditions are numerically
obtained by the simultaneous solution of momentum,
energy, and concentration equations of two flows and their
couplings with membrane. The naturally formed heat and
mass boundary conditions are neither uniform flux nor
uniform value boundary conditions. Whether it’s heat flux
(mass flux) or temperature (concentration) on membrane
surface, the values exhibit a distinct two-dimensional dis-
tributed nature. The flow is developing both thermally
and concentrationally when they enter the exchanger.
Lower limiting values of local Nusselt and Sherwood num-
bers are obtained after the flow becomes fully developed.

The fully developed Nusselt number NuC is generally
less than NuH. It is higher than NuT at larger aspect ratios,
but 37% less than NuT at smaller aspect ratios. For parallel
plates that have large aspect ratios, NuC can be approxi-
mated by NuT. The fully developed Sherwood numbers
are nearly equal to the fully developed Nusselt numbers.
This gives some insight for future applications.
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